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Introduction


The nature of the relationship between complex dynamics and Post Keynesian economics
 (PKE) has been a controversial matter for some time.  Some argue that it is a distraction that leads innocent Post Keynesians into “classical sin.”  Davidson (1994, 1996) argues that core Post Keynesian (PK) ideas such as that insufficient aggregate demand arise from fundamental uncertainty in a monetary economy do not depend on nonlinearity or complexity, that these core concepts are axiomatically and ontologically true, and that the inability of agents to forecast well in dynamically complex situations reflects mere epistemological problems of insufficient computational abilities. Thus complex dynamics is merely a classical stalking horse.


This writer (Rosser, 1990, 1998, 2001) disagrees with the argument presented above and its relatives (Mirowski, 1990; Carrier, 1993).  Dynamic complexity provides a foundation for fundamental uncertainty in Keynesian and PK models, and this applies to most of the various sub-branches of PKE besides Davidson’s “fundamentalist” or “Keynes-Post Keynesian”
 approach.


The argument will be considered regarding three subdivisions of Post Keynesianism as identified by Hamouda and Harcourt (1988): the aforementioned fundamentalist Keynesianism, Sraffian (or neo-Ricardian), and Kaleckian (or Kaleckian-Robinsonian).
  Following King (2002, chap. 10), I admit to being more in sympathy with those he describes as “synthesizers” than with the more partisan sectarians of these approaches.
  I shall describe how each sub-branch has been analyzed using ideas of complex dynamics, and I suggest that this common element should be kept in mind by those who do hold to any of the more sharply held positions in this debate.  I shall also discuss PK approaches that are not so easily labeled, notably the hysteresis and evolutionary approaches.  I shall discuss the question of equilibrium versus disequilibrium and methodological issues relating to open versus closed systems.


Of the schools of PKE, Basil J. Moore has been identified with the fundamentalist Keynesian school, based on his role as perhaps the most influential developer and advocate of the idea of endogenous money (Moore, 1988).  Along with the idea of fundamental uncertainty, the fundamentalist Keynesian school is also often viewed as stressing the role of money in the economy more than the Sraffian or Kaleckian schools.  However, Moore has increasingly stressed the role of complexity in various forms as intrinsically linked with the process of endogenous money formation and the uncertainties of economic dynamics, openly disagreeing with Davidson on this issue on the PKT internet list
 and elsewhere.  He argues that all this implies the need for non-equilibrium and open-system approaches in his forthcoming book, Shaking the Invisible Hand: Complexity, Endogenous Money and Exogenous Interest Rates.

Defining Complex Dynamics


Elsewhere (Rosser, 1999a) I have discussed defining complex dynamics for applications in economics.  Richard Day (1994) argues that a system is dynamically complex if due to endogenous reasons it fails to converge to a point, a limit cycle,
 or a smooth explosion or implosion.  Such systems can generate endogenous discontinuities in system variables.  Nonlinearity
 somewhere in the system is a necessary but not sufficient condition for such endogenous dynamics in an economy, with simple exponential growth models showing how nonlinear dynamics may not be complex as defined above.  

For Post Keynesians the endogenous nature of fluctuations is important, as the new classical school explains macroeconomic fluctuations as due to exogenous stochastic shocks describable by a probability function implicitly known by agents with rational expectations.  Such fluctuations may be both equilibrium and Pareto optimal, thus abrogating any argument for sustained policy intervention.  The reality of complex dynamics undermines this view on two grounds, first that the presence of complex endogenous dynamics means that the economy is not necessarily self-stabilizing or optimal, and second that such dynamics undermine the assumption of rational expectations.  Chaotic dynamics imply sensitive dependence on initial conditions (Rosser, 1996), or “butterfly effect,” the idea that a butterfly flapping its wings in Brazil could set off hurricanes in the United States (Lorenz, 1993).  Recognition of this led one prominent new classical economist to modify his views (Sargent, 1993).

While the physicist Seth Lloyd has accumulated about 45 different definitions of “complex system” from many different disciplines (Horgan, 1997, p. 303, footnote 11), most of these have not been used in economics.  Some emphasize difficulty for computability or length of algorithms, used occasionally in economics (Albin, 1982; Albin with Foley, 1998; Leijonhufvud, 1993; Stodder, 1997).  Another definition with some resonance with standard Sraffian models is “structural” and focuses on the “complicatedness” of patterns of intersectoral connections and institutional relations in the economy (Pryor, 1995; Stodder, 1995).  Some argue that complexity implies a new philosophical perspective on how humanity relates to nature and the world, indeed on how each individual does so, replacing formal deduction with inductive or abductive methods as analysts seek to understand an ever-changing and evolving complex reality.

In Rosser (1999a) I identified the first definition above as “broad tent complexity,” seen as consisting of four sub-types, the “four C’s,” cybernetics, catastrophe theory, chaos theory, and “narrow tent complexity.”  The first was developed by Norbert Wiener (1961) and has had relatively limited application in economics, with Forrester (1977) being an important example.
  Catastrophe theory was developed by René Thom (1972), with Christopher Zeeman’s  (1974) model of stock market crashes and Hal Varian’s (1979) model of endogenous business cycles based on an arguably Post Keynesian model of Kaldor (1940) providing economic applications.  Chaos theory had numerous developers in mathematics and physics, with Robert May 1976) first suggesting applications in economics, and David Rand (1978) the first to take him up on it.
  “Small tent complexity” emphasizes models of heterogeneous interacting agents, often using computer simulations, with Thomas Schelling’s (1971) model of urban racial segregation and Hans Föllmer’s (1974) statistical mechanics model being early examples.  Horgan argues that these were all fads that have risen and deservedly fallen, but I argue that they represent a cumulative intellectual development that is now reaching fruition
 and that allows PK ideas to broadly enter mainstream economics, which is undergoing profound changes that are leading it into uncharted areas (Colander, Holt, and Rosser, 2004).

Complex Dynamics and the Schools of Post Keynesian Economics

Fundamentalist Keynesianism or Keynes-Post Keynesianism 


The central argument of this sub-branch of PK thought emphasizes the foundational role of fundamental uncertainty based on Keynes’s own ideas, hence the adjective “fundamentalist”.  This was a profoundly important idea for Keynes, while it was less so for Sraffa and Kalecki.  It first appears in Keynes’s (1921) Treatise on Probability
 and is brought to center stage in Chapter 12 of his 1936 General Theory, where it is seen as the foundation for animal spirits driving macroeconomic fluctuations.  

When the neo-Keynesian-classical synthesis was dominant, the crucial PK figure to emphasize uncertainty in Keynesian analysis was G.L.S. Shackle (1955).
    Among those influenced by Shackle were Brian Loasby (1976), John Hicks (1979) and especially Paul Davidson (1978, 1982-83), who would emphasize that uncertainty explains how holding money can bring about involuntary unemployment and also how it undermines rational expectations.
  That uncertainty underlies the demand for money has been further developed by Moore (1988) and by Runde (1994).  Davidson (1996) does not believe that complexity theory enhances these arguments.  

Complex dynamics enter into the analysis of Keynesian uncertainty in at least two ways.  Complex dynamics provide an independent source of such fundamental uncertainty and uncertainty, as discussed by Keynes in Chapter 12 of the General Theory, can lead to speculative bubbles in asset markets.  These can lead to financial fragility (Minsky, 1972) and follow a variety of complex dynamics (Day and Huang, 1990; Keen, 1995, 1997; Rosser, 2000a, Chaps. 4-5).  

If a system exhibits chaotic dynamics it is subject to sensitive dependence on initial conditions, arguably the most important defining characteristic of chaotic dynamics.
  If a small change in an initial condition or a parameter value can lead quite rapidly to substantially different behavior in a system, this disrupts the learning mechanisms that underpin rational expectations (Rosser, 1996).  Figure 1 shows the original example of sensitive dependence discovered by Edward Lorenz (1963) for a three equation model of climate.  The bifurcation point occurred after simulating the system and restarting a second simulation partway through to get coffee.  The different path arose from roundoff error at the sixth decimal place.
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Figure 1:  Butterfly Effect
Another source of possible of deep uncertainty in economic systems due to complex dynamics is the possibility of fractal basin boundaries, first found for economics by Hans-Walter Lorenz (1992) in the arguably PK model of Kaldor (1940).  With fractal basin boundaries there are multiple equilibria, and the basins of attraction for each of the equilibria are entwined with each other so that their boundaries may become arbitrarily close to each other.  There may not be chaotic dynamics, but the system can jump discontinuously from one basin of attraction to another from nearly infinitesimal changes, thus rendering the possibility of forming rational expectations impossible.  Figure 2, from Peitgen, Jürgens, and Saupe (1992), shows the basins and their boundaries for a system in which a metal ball on a string is suspended over three magnets.
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Figure 2:  Basins of Attraction with Frontal Boundaries, Three Magnets
How uncertainty can lead to speculative dynamics that imply complex dynamics and financial fragility is that a source of uncertainty is our inability to know what other people are thinking (Carabelli, 1988; Davis, 1993; Arestis, 1996; Koppl and Rosser, 2002).  This can lead to group dynamics as analyzed by Keynes for the beauty contest, where each party tries to guess the average state of expectation of the other parties.  When different people have different views about each other’s expectations the results can be dynamically complex, even when some of the parties may actually possess rational expectations.  This is the problem of heterogeneous expectations identified with the “narrow tent complexity” view.

A basic example is the first model using catastrophe theory in economics (Zeeman, 1974) of stock market dynamics in a world of “fundamentalist investors” (with something like rational expectations) and “chartist” investors who chase trends.  The balance between these two groups varies as outcomes in the market vary.  As long as the fundamentalists dominate the market there is a unique equilibrium and the market is stable.  However, when the chartists dominate there may be multiple equilibria, unstable speculative bubbles, and eventual market crashes.  Figure 3 presents a cusp catastrophe model developed by Zeeman where the vertical axis is the rate of change of prices in the market, the F axis represents the demand by fundamentalists, and the C axis represents the demand by chartists.  When a crash happens the proportion of investors shifts back towards dominance by the fundamentalists until a new outbreak of speculation appears.  Such dynamics very much reflect arguments made by Keynes and by Hyman Minsky.
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Figure 3:  Zeeman Stock Market Crash Model
A similar model can also generate chaotic dynamics, or “chaotic bubbles” (Day and Weihong Huang, 1990).  They add a third set of agents, market makers to the basic Zeeman model of fundamentalists and chartists (“sheep” in Day and Huang).  Figure 4 shows the time pattern for such a model when the destabilizing “sheep” are dominant, with their actions generating chaotic dynamics.  The market oscillates between chaotically rising bull markets and chaotically declining bear markets.
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Figure 4:  Chaotically Switching Bull and Bear Bubbles

Brock and Hommes (1997, 1998) show a larger range of complex dynamics arising from models in which agents switch back and forth between costly strategies that are more stabilizing and less expensive strategies that may be destabilizing.  A model with many different agents following an evolving set of competing strategies has been studied by Arthur, Holland, LeBaron, Palmer, and Tayler (1997), its essential dynamics resembling those already described.  If a majority of the agents pursue stabilizing strategies the market is stable, but as a majority moves towards strategies that resemble trend chasing the market destabilizes and behaves in a complex and erratic manner.

Even without financial speculation, there is a large literature showing how money itself can lead to chaotic dynamics within more or less Keynesian models.  Many of these models are less fundamentalist Keynesian in nature than Kaleckian (Foley, 1987; Delli Gatti, Gallegatti, and Gardini, 1993; Semmler and Sieveking, 1993; Chiarella and Flaschel, 2000), or Minskian (Keen, 1995, 1997).

Sraffianism or neo-Ricardianism

As discussed by Geoff Harcourt (1972), the Sraffian or neo-Ricardian sub-branch emerged out of the Cambridge controversies in the theory of capital, initially over the implications of the possibility of the reswitching of techniques and the associated possibility of capital reversal.
  Although associates of Keynes had vetted problems with aggregating capital for some time (Robinson, 1954), the key publication was Piero Sraffa’s (1960) Production of Commodities by Means of Commodities after a 35 years gestation period, which really crystallized the debate.  This book was the foundational document for the broader Sraffian approach (Kurz and Salvadori, 1995).  For many younger economists in the 1960s this capital controversy provided a critique of standard neoclassical theory, and many observers, including Harcourt, have seen it as a crucial stage in the evolution of PK thought.  Thus it is frustrating for many that this theoretical victory by the Sraffians had so little impact on mainstream economics and that there emerged the deep divide between the fundamentalist Keynesians and the Sraffians.

A major source of this divide has been the Sraffians emphasizing comparisons between long-run steady states, while Keynes dismissed long run equilibrium (“In the long run we are all dead.”).  The first warning shot of this divide came with Joan Robinson’s (1974) attack on the concept of equilibrium more broadly when she contrasted it with history, or the contrast between “logical” and “historical” time.  Such models also tend to ignore uncertainty and the role of money.  Indeed, they often abstract from any dynamic analysis at all, with some exceptions, notably Luigi Pasinetti (1993).

Nevertheless, one can find seeds of complex dynamics hiding within Sraffian models, especially those relating to the capital controversies.  The possibility that discontinuity lies hidden beneath apparent continuity was a deep implication coming from some of the models, with Pasinetti (1969) probably the first to recognize this, arguing that “continuity in the variation of techniques as the rate of profit changes, does not imply continuity in the variation of the values of capital goods per man and of net outputs per man,” a point also emphasized by Donald Harris (1973).  

Some economists (Yeager, 1976) argued that the existence of continuous substitutability in production functions was sufficient to eliminate the Sraffian paradoxes of capital theory such as reswitching.  However, Rosser (1978) provides an example of such continuous substitution that nevertheless exhibits reswitching.
  Figure 5 shows such an “eccentric reswitching” example, the axes showing wage and profit rates, and the outer envelope of the wage-profit curves for each technique is the wage-profit frontier.
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Figure 5:  Eccentric Reswitching Case
Somewhat less Sraffian, allowing for an optimal adjustment process in this model, Rosser (1983) considers movement from one equilibrium state to another when the rate of population growth varies continuously.
  A discontinuity in the profit rate can emerge at a particular point, when the system jumps from one half of the wage-profit frontier to the other.  Rosser (1983; 2000a, chap. 8) shows that this can be analyzed with a cusp catastrophe framework.  Day and Walter (1989) show the possibility for “historical reswitching” in dynamic models of technological change over very long time horizons with chaotic dynamics.  Thus, Sraffian models contain the possibility of complex dynamics, although in order to observe such possibilities one must move beyond the Sraffian framework of only considering comparisons between long run steady states.

Kaleckianism

Michał Kalecki has been regarded (Robinson, 1966; Feiwel, 1975; Sawyer, 1985; King, 1996) as providing a more solid foundation for a unified PKE analysis than Keynes or Sraffa.  Although lacking as sophisticated an analysis of financial markets and such philosophical conundra as fundamental uncertainty as Keynes, he has a microfoundation based on the degree of monopoly and a mathematical model of fluctuations (1935, 1937, 1939), later combined with growth (1971), and more clearly recognizes the roots of this analysis in Marx’s study of the surplus value realization problem.   Unlike the Sraffians he abjures long-run equilibria and argues that economic dynamics consist of a series of short-run equilibria simply strung together, emerging out of each other.  Any possible long-run equilibrium is rendered irrelevant by the traverse, that the movement toward an equilibrium also moves it.  In the more recent controversies among Post Keynesians, the Kaleckians have seemed the centrist synthesizers between the more sharply conflicting fundamentalist Keynesians and Sraffians.

Kalecki focus upon microfoundations is of less interest to us here because it did not lead to any models involving complex dynamics.
  However, his analysis of macroeconomic fluctuations played a profoundly innovative and seminal role and laid the groundwork for a large literature in complex dynamics, even as he did not study such models himself.

Although somewhat incomplete and flawed (and only a partial translation of an earlier model formulated in Polish), the crucial breakthrough in English was Kalecki’s 1935 paper in Econometrica, “A Macrodynamic Theory of Business Cycles,” which would be refined and improved in later versions in 1937 and 1939.  At the core of this theory is his investment model, a nonlinear function of profits, which in turn are related to aggregate output.  Shifts of this function with the capital stock can generate cyclical fluctuations.  Another model that relies on a nonlinear investment function directly related to the level of output that shifts in a similar manner to Kalecki’s was developed by Nicholas Kaldor (1940), and it is from this variation, particularly a version due to Chang and Smyth (1971), that a large modern literature showing the possibility of multiple varieties of complex dynamics arose.  Figure 6 shows the nonlinear investment function from Kaldor’s model, which has a more Keynesian equilibrium associated with an equality of savings and investment.  As the investment function shifts up and down business cycles with discontinuities can emerge, a result shown within a catastrophe theory context by Varian (1979).  
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Figure 6:  Shifting Nonlinear Investment Function
What is involved in such models is a mechanism somewhat similar to the investment accelerator, known to generate cyclical fluctuations since Aftalion (1913).  Harrod (1936) combined it with Kahn’s multiplier (1931) to provide a model that generated fluctuations.  Paul Samuelson (1939) suggested that the consumption function of the multiplier-accelerator model might be nonlinear,
 but then Hicks (1950) and Richard Goodwin (1951) proposed nonlinear accelerators to give nonlinear investment functions within such models.  Strotz, McAnulty, and Naines (1953) first discovered chaotic dynamics while studying Goodwin’s model, without realizing what they had discovered.  Among those studying chaotic and other complex dynamics arising from Hicks’s formulation have included Blatt (1983), Hommes (1991), and Puu (2000).

The alternative strand derived from Kalecki and Kaldor has generated an even more subtle variety of complex dynamics models.  After the Varian model, others found chaotic dynamics arising from this model as well, notably Dana and Malgrange (1984), Hermann (1985), and Lorenz (1987a).  A later study by Lorenz (1992) would be the first to observe fractal basin boundaries in an economic model.  It was also the first paper in economics to demonstrate the possibility of non-chaotic strange attractors and of transient chaotic dynamics.


The original Kalecki model of the 1930s had a greater emphasis class struggle entering the profit equation that ultimately drove investment.  Although not taken from Kalecki, Goodwin’s (1967) predator-prey model of class struggle in a cyclical growth model has a Marxist element.  Variations of this model were shown to be able to generate chaotic dynamics by Pohjola (1981), Lorenz (1987b), Skott (1989), Goodwin (1990), Jarsulic (1994), and Chiarella and Flaschel (2000).  Soliman (1997) showed that it could also generate models with fractal basin boundaries.  Thus, even if few of these studies were directly of Kalecki’s own models, his basic ideas have played a very important role in the general evolution of models of complex macroeconomic dynamics.


Hysteresis and Evolutionary Models

Derived from the Greek hysterein, meaning “to be behind,” hysteresis is one of many economic concepts derived from physics (Ewing, 1881), its original use referring to how a magnetized ferric metal does not return to its unmagnetized state after the magnetic force is removed from it.  In economics it has come to mean that the impact of an exogenous shock persists in the system in some way, even after the shock ceases.  There are many interpretations, definitions and applications of this (Mitchell, 1993), but we are interested in those that assume a nonlinear source, implying multiple equilibria, with the possibility of catastrophic dynamics.  Arguing that the physics concept is relevant to Post Keynesian analysis, especially of the persistence of unemployment after negative demand shocks, has been Rod Cross (1987, 1993), although Davidson (1993) has criticized this approach as being another classical model pretending to be Keynesian.  

Others advocating the hysteresis approach in PK models (Setterfield, 1993, 1997; Katzner, 1993, 1999) invoke Joan Robinson’s (1962, 1974) distinction between logical and historical time, arguing that the path of history puts one into the zone of one kind of equilibrium or another.  Setterfield also invokes the cumulative causation arguments of Kaldor (1972) and the path dependence arguments of Paul David (1985) and Brian Arthur (1994), with these implying possibilities of technological lock-ins, potentially of an unfavorable nature.  Setterfield (1997) uses such arguments to explain the relative economic decline of Great Britain after 1900.
  French Regulation School adherent Frédéric Lordon (1997) combines such arguments to analyze larger regimes of technological change and growth, arguably more a Schumpeterian evolutionary view.

Puu (1989) presents a business cycle model that combines catastrophic hysteresis effects with chaotic dynamics (or chaotic hysteresis), a variation of the Hicks-Goodwin nonlinear accelerator model in which the investment function is cubic and thus exhibits non-monotonicity.  For particular parameter values the model follows dynamics exhibited in Figure 7, where the horizontal axis is national income and the vertical axis is the rate of change of national income.  Puu (2000) has since shown that this model can also generate fractal basin boundaries. 
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Figure 7:  Chaotic Hysteresis in Puu Nonlinear Accelerator Model

A more recent addition to PK approaches is evolution, with Cornwall and Cornwall (2001) affirming it, although it is arguably distant from more traditional Keynesian and Post Keynesian approaches.  One factor in this development is the opening to the institutionalists, perhaps due to the apparent melting away of the Sraffians.  Traditionally the old institutionalists have emphasized evolution, as symbolized by the Assocation for Evolutionary Economics, reflecting the influence of Thorstein Veblen (1898), with Geoffrey Hodgson (1993) important recently.  The emphasis on hysteresis and path dependence, especially as derived from the Robinsonian emphasis on historical rather than logical time furthers this also, fitting with the complex dynamics view of Basil Moore (forthcoming) that disavows an equilibrium perspective and posits emergent order that does not go in any particular direction, but simply evolves.  

Finally, Schumpeterian models of technological change have been merged with models of cyclical fluctuations combining various nonlinear business cycle models discussed above, with such a view broadly consistent with a Kaleckian perspective.  Those considering chaotic dynamics in connection with such models include Goodwin (1986), Henkin and Polterovich (1991), Mosekilde, Larsen, Sterman, and Thomsen (1993), Silverberg and Lehnert (1996), and Rosser and Rosser (1997).  Day and Walter (1989) combine Schumpeterian technological change with Malthusian population dynamics in a model that can exhibit chaotic dynamics in shorter periods and “historical reswitching” between technologies in longer periods, as shown in Figure 8 with the horizontal axis being time and the vertical being output.  This model was inspired by an effort to understand the nature of the collapse of the Mayan civilization.     
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Figure 8:  Long-Run Day-Walter Dynamics

with Chaos and Historical Reswitching
Some Methodological Considerations: Where Do We Go From Here?

Let us consider two linked questions posed by Moore’s views on the implications of complex dynamics for PKE, one his view that complex dynamics obviate any usefulness of the equilibrium concept, the other that complex dynamics imply that economic systems are ultimately open and evolutionary.  These are reasonable and consistent conclusions, even if not the only ones possible.


Regarding equilibrium, an important point is Joan Robinson’s argument regarding historical versus logical time, the view being that equilibrium is a construct of the latter and thus ultimately irrelevant in the real world of the former, a view shared with the more radical Austrians and also profoundly derived from arguments Shackle (1974).  Such a view is also favored by some Kaleckians, especially those who argue that the problem of the traverse implies that equilibrium is meaningless, even though Kalecki’s models always had at least temporary equilibria in them.
  Those pursuing such perspectives tend to criticize the Sraffians and their emphasis upon the role of long-run steady states as “centers of gravitation.”


While financial markets exhibit rather trivial temporary equilibria and equilibria can be easily obtained in some auctions, many markets are rarely, if ever, in equilibrium.  The issue becomes whether it is more useful to consider their dynamics as reflecting out-of-equilibrium adjustments determined by their position (and motion) relative to the (possibly moving) equilibrium state, or to view the motion of the equilibria as so great or rapid or chaotic or endogenous as to render the concept useless.  Furthermore, there are the problems of possible multiple equilibria or non-existence of equilibrium at all.


I think we shall never know for sure.  That we rarely observe equilibrium does not mean that equilibrium does not exist.  The older theorists of equilibrium, including Walras (1900, p. 370) and Marshall (1920, p. 346), were acutely aware of this tension.  Both made statements about how in the real world the equilibria are constantly being jerked around, even endogenously, and both knew of the possibility of multiple equilibria.  Furthermore, the tension shows up in the work of Karl Marx as well.  Marx (1967 [1894], pp. 188-89) argued that supply never equals demand except briefly by accident, even though they equate on average over time, essentially the vision of the Sraffians with their centers of gravitation.  Marx of the second volume of Capital was an equilibrium theorist, in contrast with Marx of the first and third volumes.


The discussion above has referenced “basins of attraction,” zones of variable values in which a system’s motion will tend in a certain direction or other.  With unique and stable point equilibria, the standard view sees such motion heading straightforwardly towards the equilibrium point.  However, in complex dynamics the nature of even a still attractor towards which a system tends may be very complex itself, for example, “strange,” possessing a fractal shape, implying a complex dynamic, even chaotic, in equilibrium.  Furthermore, the convergence to the attractor may also be complex.  Thus the concept of equilibrium itself may be quite messy.


Finally, in Moore’s view open complex systems are associated with the non-existence of any equilibrium and the tendency for economies to evolve in a self-organizing manner with no particular direction.  The idea of open systems came from dialectics (Bogdanov, 1912-22), general systems theory (von Bertalanffy, 1962), and more recent critical realist arguments (Lawson, 1997; Dow, 1999).  This view will probably be increasingly influential among Post Keynesian economists.  

A point of potential contradiction involves the question of exogenous versus endogenous models.  One of the strongest links between complex dynamics and PK views has been the idea of endogenous macroeconomic fluctuations.  Moore would argue that this represents non-ergodic self-organization, contrasted with the ergodic fluctuations due to exogenous shocks of the new classical model.  The odd contradiction is that latter model is arguably more “open” than the former, driven by forces outside itself, which may in turn behave non-ergodically.  The endogenous system is in a sense “closed,” even if it evolves spontaneously in an endogenous and non-ergodic manner.

Conclusions


Much of the development of complex dynamics in economics has been based on PK models.  Complex dynamics models generate key ideas of PKE such as non-ergodicity and fundamental uncertainty.  Thus PKE and complex economics dynamics theory have coevolved.  Indeed, complex dynamics may even offer a reconciliation between the Sraffian and other schools of PK thought.  To the extent that Sraffians are willing to allow that short-run dynamics around centers of gravitation may be irregular or chaotic or complex in other ways, much as Henri Poincaré (1890) first discovered chaotic dynamics while studying gravitational dynamics for three body systems (and the “tumbling” asteroid Hyperion appears to have a chaotic orbit), then the door to a possible reconciliation among Post Keynesians may not be closed.
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� It is well known that there has been much controversy regarding the spelling of this term, with “post-Keynesian” and “Post-Keynesian” both often used.  I follow John E. King’s A History of Post Keynesian Economics Since 1936 (2002) and The Elgar Companion to Post Keynesian Economics as justification, with this usage seemingly more widespread recently.  Harcourt personally reports that Joan Robinson was using the term “post-Keynesian” as early as the late 1950s.


� The term “fundamentalist Keynesianism” is due to Coddington (1976).  Not particularly liking that, Davidson (1994) introduced “Keynes-Post Keynesianism” as an alternative.


� For earlier versions of this trifurcation see Harcourt (1976, 1981).


� King argues that Joan Robinson (1971) was the first synthesizer, although she later turned against the Sraffian approach, if not against Sraffa himself.  He identifies more recent synthesizers as Peter Reynolds (1987), Philip Arestis (1992), Marc Lavoie (1992), Thomas Palley (1996), and Heinrich Bortis (1997), with Edward Nell (1998) also arguably qualifying.  King sees the Kaleckian sub-branch as more open to synthesis than the other two, with the fundamentalists and the Sraffians engaging in the sharpest of conflicts at the Trieste summer conferences in the 1980s (Kregel, 1983; Garegnani, 1983).  A sign that many no longer consider the Sraffians to be Post Keynesians is their exclusion from A New Guide to Post Keynesian Economics (Holt and Pressman, 2001), with some replacing them with the Institutionalists (Arestis, Dunn, and Sawyer, 1999). 


� The archives of the pkt list are at � HYPERLINK "http://archives.econ.utah.edu/archives/pkt/index.htm" ��http://archives.econ.utah.edu/archives/pkt/index.htm�. 


� Some Keynesian observers would include convergence to limit cycles as part of complex dynamics.  This is sufficient for endogenous macroeconomic cycles implying the need for government intervention to stabilize the economy.


� Davidson argues that the core Keynesian ideas will hold in linear models as long as non-ergodicity and thus fundamental uncertainty is assumed to hold axiomatically and ontologically, thus implying that the complexity view is insufficiently general.  However, nonlinear systems may generate fundamental uncertainty even when they are ergodic, as for example in cases of chaotic dynamics, hence rendering this argument about generality undetermined (Rosser, 1998).


� Some of Forrester’s followers at the MIT Sloan School of Management have arguably been involved in all four of the C’s, notably John Sterman (Mosekilde, Larsen, Sterman, and Thomsen, 1993).


� The first demonstration of possible chaotic dynamics in economics was by Strotz, McAnulty, and Naines (1953) in studying Goodwin’s (1951) arguably Post Keynesian nonlinear accelerator model.  However, they did not understand mathematically what they had discovered when they discovered it.


� See Rosser (2000a, chap. 2) for discussion of these issues, and Rosser (2004) for a collection of crucial papers.  Puu (2000) provides coverage of variations such as multidimensional chaos models and forms of non-chaotic dynamics that also generate extreme difficulty for agents to form rational expectations, such as those with fractal basin boundaries.


� O’Donnell (1990) and Runde (1990) discuss the philosophical foundations of Keynes’s statistical methodology that underlies his view of fundamental uncertainty.  Keynes’s treatise was originally written in the first decade of the 20th century.


� Shackle has been the Post Keynesian most admired by the Austrians, many of whom also emphasize the importance of uncertainty in economic analysis (O’Driscoll and Rizzo, 1985).  Hayek (1967) was an independent and early enthusiast of complexity theory, arguing that largely laissez-faire economies would self-organize in a desirable manner. 


� Coddington (1982) argues that such a great emphasis on the inevitability of fundamental uncertainty that cannot be quantified implies a policy-less “nihilism.”  Davidson (1994) responds by citing Shackle (1955) regarding “cruciality.”  For non-crucial decisions people fall back on conventions and rule of thumb behaviors that are often somewhat predictable.


� There is much debate regarding how to define chaotic dynamics (Rosser, 2000a, chap. 2), but all parties to this debate agree that sensitive dependence on initial conditions is a necessary condition for its existence.


� For overview of developments since 1972, see Ahmad (1991) and Cohen and Harcourt (2003).


� Garegnani (1970) initially presented a somewhat similar example, his paper’s publication delayed for a decade..


� This raises the problem of the traverse, much studied by PK economists (Halevi and Kriesler, 1992; Lavoie, 1992) since first analyzed by Hicks (1965).  In the case of this model it is not as serious due to the continuous variation of states, at least up to the point of discontinuity.


� While Kalecki’s degree of monopoly approach did not lead to complex dynamics models, there is a large literature on complex dynamics in oligopoly models (Rosser, 2002).  The first self-conscious model of chaotic dynamics was Rand’s (1978) model of duopoly dynamics.  Interestingly, Joan Robinson’s (1933) recognition of possible non-monotonic marginal revenue curves eventually led to models of chaotic monopoly dynamics (Puu, 1995). 


� Gabisch (1984) would show that the Samuelson model could generate chaotic dynamics, and Nusse and Hommes (1990) showed that these could be non-ergodically chaotic.


� See Rosser (2000a, chap. 7) for a more complete review.


� Arestis and Skott (1993) have found hysteresis effects empirically in the more recent UK economy, and Fischer and Jammernegg (1986) found them empirically for inflation in the U.S. economy in the 1970s, within a catastrophe theory context.


� It is not just Kalecki, but Keynes himself, most Post Keynesians, and most mainstream Keynesians who rely on equilibrium analysis.  Kaldor (1934), emphasizing increasing returns, was an early exception, although he also produced models that involved equilibrium conditions.


� See Rosser (1999b, 2000b) for further discussion of these matters.  John Bellamy Foster  (2000) examines Marx’s doctoral dissertation on Epicurus and the “swerve” as an evolutionary ecological concept, even as Marx later advocated the idea of labor values as “centers of gravitation.”


� There is an old saw that the only truly exogenous force in the economy is the sun.
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