Problems

Chapter 2
Formulate the linear program for each of the following problems.  Be sure to define your decision variables.  You are not expected to actually solve the problems at this time—only to formulate them.  The problems are roughly ordered by degree of difficulty.  If you want some additional (and usually easier) problems to formulate for practice, see the pamphlet Chapter 5 problems.

P 2.1
You are a trader in New Italy, and travel from port to port by ship, buying and selling your wares.  You are currently at the port of Ribiso, an agricultural area, and your next stop is Vetiche, a more advanced region.  Your ship can hold 10 tons of cargo.  You have 160 credits (the New Italian unit of money) to spend on purchases in Ribiso.  The goods that you may buy, their Ribiso costs, the quantity of them that you may buy, and the credits per ton that you will make from their sale in Vetiche are given below.

	Good
	Purchase Price (Ribiso)
	Tons Available
	Sale Price (Vetiche)

	
	(credits/ton)
	
	(credits/ton)

	Grain
	4
	22
	8

	Textiles
	8
	13
	10

	Minerals
	20
	8
	28

	Liquor
	24
	5
	34


Your goal in the “New Italy” Problem is to go to Vetiche, sell all of your goods (Vetiche has unlimited demand) and wind up with as much profit as you can.  Formulate the linear program for this problem.  
P 2.2
You have been selected as "gofer" by your study group, and now stand before a snack vending machine with $2 in change:  $1 in quarters, and $1 in dimes.  The machine's EXACT CHANGE ONLY light is on, and in this problem, it is to be taken literally:  you may not pay more than an item's list price.  Your task is to get 5 snacks.  Since you get to pocket any leftover change, you want to make these purchases as cheaply as possible.

The machine is not well stocked, containing only 5 different items.  Lifesavers cost 30 cents, Gummi Bears cost 35 cents, a cookie is 40 cents, a Milky Way is 45 cents, and peanuts are 55 cents.  The machine contains only two "servings" of each item.  You buy items one at a time.  What should you buy?  

Formulate the LP that would solve this problem.  You will need 5 variables and 8 constraints.  Define your variables properly.  As always, ignore any complications arising from fractional values of decision variables.

P 2.3
Roy must make a copy of a 3000 page document.  He has three copying machines available to him.  First, he may use a cheap home copier.  This costs him nothing to use, but requires 10 seconds per page for copying.  His second possibility is to use a professional copier.  This copier costs 2 cents per page, but can copy a page every five seconds.  Roy’s third option is to use a high‑speed, auto‑feed copier.  Copying on this machine costs 5 cents per page, but the machine can copy a page a second.   Because of limited access to this machine, however, Roy may not use the high‑speed copier for more than 30 minutes of copying. 
Roy has a total of $90 that could be used for copying.   He wishes to minimize his total copying time.  What should he do?  (Hint:  Be careful with units!)  Formulate the program that would allow us to answer this question.

P 2.4  The Quayle Group is an organization of families.  Each family in the group consists of one mother, one father, and two perfect children.  Let FAMILY = # of families in the group, MOM = # of mothers in the group, DAD = # of fathers in the group, and KIDS = # of kids in the group.  Write the constraint(s) relating these four variables to one another.  VALIDATE YOUR ANSWER by plugging in reasonable numbers.  Does your solution work?

P 2.5
A student has a Quant test and a Math test on the same day.  She has only a total of 10 study hours available before the exams.  Without study, she would score 40 points on her Quant test and 65 points on her Math test.  Studying will improve her scores. 

Each hour of study of Math will increase her Math score by 5 points, and will coincidentally increase her Quant score by 2 points.  Studying Math for more than seven hours is useless, however.  More than seven hours of studying Math would cause her to suffer permanent brain damage, and fail both exams.  Each hour of study of Quant will improve her Quant score by 6 points.  It will do nothing for her Math score, but that’s life. 

The student has decided that she must receive at least 80 points on each exam.  How she should spend her study time in order to receive the maximum possible total number of points she receives on the two exams combined?  

P 2.6
Your goal today is to maximize total profits obtained by shipping apples from your three orchards to the two stores that form your market.  The entries in the cells are the profit per apple, in cents, from shipping apples from your orchards to two different stores.  There is one additional restriction on this problem:  because a labor agreement, Store 2 will not accept more than 700 apples from any one orchard.  Formulate the linear program that will solve this problem.  Assume that store demands must be met exactly.

	
	Store 1
	Store 2
	

	Orchard 1
	4
	5
	1000

	Orchard 2
	7
	6
	1000

	Orchard 3
	8
	11
	1200

	
	800
	1900
	


P 2.7
Consider the following “transportation-like” problem:
	


	
	We have 10 tons of ore which must be moved from the docks in Albany (A) to the forge in Deerfield (D).  In the morning, the ore can leave Albany via train to Bellevue (B), or via barge to Chester (C).  From Bellevue, afternoon trucks are available to Chester and Deerfield.  From Chester, an evening train in available to Deerfield.  The cost per ton of shipping ore along each of these transportation routes is shown on the diagram.

Each trains can each carry up to 7 tons of ore, the barge can carry up to 5 tons, and each truck can carry up to 4 tons.  Each carrier makes only one trip.  Formulate the linear program that would allow us to determine how we should ship the ore in order to minimize our shipping costs.  




P 2.8      A publishing firm can produce two different papers, the Record and the Star.  Each of these papers is measured in batches of 10000 papers called units.  A unit of Record uses 2 hours of machine time, 3 barrels of ink, and 5 rolls of paper.  Its selling price is $3000.  A unit of Star uses 4 hours of machine time, 2 barrels of ink, and 6 rolls of paper.  Its selling price is $4000.  The firm presently has available 40 hours of machine time, 15 barrels of ink, and 50 rolls of paper.  Since these resources are already on hand, consider them to be free.  All other resources are plentiful.
The firm may, if it wishes, buy additional ink for $800 per barrel.  It may also buy additional paper for $20 per roll.  The amount of machine time available is fixed by their equipment, and additional machine time cannot be purchased.  Since the publishing house has limited cash flow, expenditures for additional raw materials must not exceed $3340.  How should the publishing house proceed if it wishes to maximize profits?  

Formulate the program as usual.

P 2.9
You work an 8 hour shift at a Fotomat which has two photograph printing machines, each capable of making prints from either black‑and‑white or color negatives.  We call the two machines, sensibly, Machine 1 and Machine 2.  The machines may be run concurrently.  Before you lay 500 color rolls and 100 black and white rolls of film to be printed.  While you probably will not be able to fill all of these orders on your shift, you must fill at least 130 of them, or you will be fired.  
Filling an order on Machine 1 provides $4/roll profit for color film, and $1.60/roll profit for black and white film.  Machine 2 gives a profit of $4.80 for each color roll, and $1.80 for each black‑and‑white roll.  Machine 1 can print a black and white roll in 6 minutes, and can print a color roll in 10 minutes.  Machine 2 can print a black‑and‑white roll in 5 minutes, and, like Machine 1, prints a color roll in 10 minutes.  Formulate the program that will tell you the printing schedule should you follow to meet the constraints with a maximum profit.  

P 2.10
We simplify slightly the standard model for the medical consequences of radiation exposure.   Assume that if one's lifetime exposure to radiation is at or below a certain level (2000 "rads"), one is categorized as being in the "low risk" group for developing medical problems linked to such exposure.  If one total exposure is 2001 rads or more, one is in the "high risk" group.

We are screening patients who worked for years at several sites (site 1 through 5) where nuclear materials were used.  We will assume, at any given site, the level of exposure to radiation per year is the same for all people.  That is, a year spent at site 3 will cause the same amount of exposure to any person, at any time.  We further assume that exposure to radiation at other times in the patients' lives is negligible.  The trouble is, we do not know exactly how many rads of exposure occur per year at each site, and the sites are now destroyed, making current measurements impossible.

Here are some medical records:

	Name
	Years at Site
	Risk Level

	 
	#1
	#2
	#3
	#4
	#5
	

	Alma 
	2
	3
	0
	0
	0
	Low

	Burt
	1
	4
	0
	6
	0
	High

	Charlie
	1
	1
	1
	1
	2
	High

	Dave
	0
	0
	7
	0
	1
	High

	Eve
	0
	0
	4
	0
	3
	Low

	Fred
	0
	3
	0
	6
	0
	Low

	George
	1
	1
	1
	0
	0
	?


We wish to assess George's risk level by conducting a worst case scenario.  The question is, what is the MAXIMUM number of rads that George could have been exposed to, given the information above?  Formulate the linear program needed to address this question.  Be sure to define your variables.

	P 2.11  Chevron is conducting a promotional campaign.  With each visit, customers are given a scratch-away game piece.  This piece will have upon it one of the letters from the word CHEVRON.  Customers can redeem certain combinations of letters for cash prizes, as indicated in the table to the right. By visiting Chevron regularly and scrounging off of your friends, you have obtained quite a collection of letters: six “C”’s, eight “H”’s, fifteen “E”’s, nine “V”’s, ten “R”’s, eleven “O”’s, and five “N”’s.  
	
	WORD

PRIZE
CHEVRON.....……..$10.00

CONVENE....……...$ 8.00

REVERE....………....$ 6.00

CHEER.....……….....$ 4.00

HOVER.....……….....$ 2.50

HERO.......…………..$ 1.00


You have one more possible source for game pieces.  Your friend, another collector, has six “C”s she does not need, and is willing to trade some or all of these for a equal number of your “E”s.

You want to obtain as much money as possible from the redemption of game pieces at Chevron.  Formulate the linear program to determine how this can be done. Be sure to define your decision variables!

[Obvious notes: a)  You are permitted to form more than one “copy” of a word.  b) When you redeem a word at Chevron, they take the game pieces used to make that word.  c) You need not concern yourself with the fact that all of your decision variables actually need to be integers.  As we did throughout class, we will ignore this complication.]  

P 2.12
You decide to make money by raising and selling animals.  You have no cash on hand, but manage to secure an interest free small business loan of $5000 this year and $5000 next year.  This money is available on the first of the year.  On the first day of the third year, this money must be repaid.  You can buy animals at the beginning of the first year, the second year, or both.  All animals bought must be cared for until sold.  These animals may be sold at the end of the first or second year.  All animals must be sold by the end of the second year.

At no time may you operate "in the red".  That is, your cash on hand at the beginning of a year must be sufficient to cover all expenses for that year.  Revenue from sales is generated only after the year's bill have been paid.  Obviously, money not spent in the first year is carried over into the second year.

Here is the information concerning the animals you may raise:

	Animal Type
	Purchase price (newborn)
	Cost of Care (1st year of life)
	Selling Price

(1 yr old)
	Cost of Care

(2nd year of life)
	Selling Price

(2 yr old)

	Cow
	$80
	$160
	$400
	$200
	$780

	Hog
	$15
	$20
	$50
	$100
	$250


[I apologize if these figures are not accurate; I have no access to the actual numbers at the present time.]  We assume that the animals do not breed, that all animals survive, and that there are no other costs or revenues other than the ones listed above.  Create the linear program that will allow you to determine how many animals of each type you should raise and sell each year if your goal is to maximize your final profit from this venture.  Be sure to define your decision variables.  

[image: image1.wmf] 

[Hints:  Your bank account will look the worst right before the yearly sales.  The amount of money left over at that time of a year is easily computable from how much money you had to begin that year, and how much money you spent in that year.]

P 2.13 Many USAF planes included a gyrostabilizer unit (abbreviated GSU), a sketch of which is provided to the right.  A GSU consists of a chassis (hexagon) upon which are mounted five identical control rods (circles) and three identical gyroscope packets (triangles).  When these planes were sold for scrap, the GSUs were deliberately damaged by destroying one of the gyroscope packets and two of the control rods on each unit.  You can buy these damaged GSUs for $70 each.  Once in your possession, you can strip off all of the undamaged parts and use them to build undamaged GSUs, which can be sold on the open market for $105 each.  There is also a market for another device, an autocontrol, which can be built from these parts.  Building an autocontrol requires only two gyroscopes, one control rod, and a chassis. Autocontrols sell for $60 each.

If you wish, you may buy additional replacement control rods for $12 each.  You total purchases of GSUs and replacement rods, though, may not exceed your available budget of $70,000.  In light of this information, create the formulation that will determine how many damaged GSUs and replacement rods to buy and what you should make from them.  Your goal is to maximize your profit.  You may assume that the only costs incurred in the project are in purchasing the materials.

P 2.14 The Sullivan Oil Company (SULOCO) has contracted to deliver to its regional distribution sites 15,000 gallons of kerosene, 25,000 gallons of gasoline, and 20,000 gallons of fuel oil.  The selling price for these fuels has already been agreed upon; now SULOCO wishes to minimize the cost of meeting these requirements.  The partially refined oil which SULOCO obtains at a cost of 40 cents/gallon can be processed in three different ways, which we shall call Process A, Process B, and Process C.  Each of these processes supplies kerosene, gas, and fuel oil from the partially refined oil, but the quantities of each fuel obtained, the cost of the refining process, and the time required to perform the refining vary from process to process.  The table below summarizes the data, indicating how much kerosene, gasoline, and fuel oil is obtained by the processing of one gallon of partially refined oil.  The cost and time required to process one gallon of partially refined oil is also given.  So, for example, one gallon of partially refined oil run through process A gives 0.26 gallons of kerosene, 0.6 gallons of gasoline, 0.1 gallons of fuel oil, and costs 25 cents to process.  It requires 0.05 minutes (3 seconds) to do this.

	
	Each gallon of partially refined oil gives...
	
	

	Process
	Kerosene

(gals)
	Gasoline

(gals)
	Fuel Oil

(gals)
	Process Cost ($/gal.)
	Process Time (mins./gal.)

	A
	0.26
	0.6
	0.1
	0.25
	0.05

	B
	0.3
	0.15
	0.4
	0.16
	0.1

	C
	0.1
	0.5
	0.1
	0.15
	0.2


SULOCO has five (24 hour) days—7200 minutes—to complete the fuel order. Different processing techniques may not run concurrently.  SULOCO may generate excess fuel of one or more types if it so desires, but these fuels are worthless.  Further, any such surplus production must be stored until it can be disposed of, and SULOCO has holding facilities for only 10,000 gallons.  Formulate the linear program representing this problem.

P 2.15  A mining company is extracting ore from a mine consisting of three different shafts.  In order to meet their contractual obligations, this mine must produce 3450 bins of ore during the upcoming week.  Mining shaft #1 will generate 30 bins of ore per hour of mining, while shafts #2 and #3 will produce 25 and 20 bins/hour, respectively.  While shafts #1 and #2 are more productive, they are also more dangerous, with the result that shafts #1 and #2 together can only be mined for a maximum of 80 hours per week.  (For example, mining in shaft #1 for 50 hours would limit shaft #2 time to at most 30 hours.)

The miners could not survive in the mine without the life support machinery which pumps cool air into the tunnels.  This machinery must run continuously while miners are in the mine, and costs $100/hour to run.  The life support machinery can be run for no more than 60 hours a week; after 60 hours of running, its performance is so degraded that it no longer supplies sufficient air for the mine to be habitable.

The company wishes to minimize the total cost of recovering the needed ore.  The cost (excluding life support) of mining in shaft #1 is $150/hour, while the cost is $90/hour for shaft #2 and $60/hour for shaft #3.  The company may mine in more than one shaft at a time.  You are responsible for setting this week's mining schedule.  Formulate the linear program to determine what should you do.

SOLUTIONS FOR STEVENS’ PAMPHLET

Chapter 2

Note:  In the Chapter 2 solutions, I’ve written the measurable quantity formulation to the left, then the mathematical formulation to the right.  In class, I write the measurable quantity formulation beneath the LP formulation, line by line.  I’ve adopted the presentation used here for ease in typing and space on the page, but you should verify that the math and the measurable quantity forms do say the same thing.  Remember that all coefficients were found by using the translation rule from page 2-8.    

Example:  In class, I would have written the solution to 2.1 as

GRAIN = # of tons of grain bought

TEXT  = # of tons of textiles bought

MINER = # of tons of minerals bought

     
LIQ   = # of tons of liquor bought

MAX  4 GRAIN + 2 TEXT + 8 MINER + 10 LIQ

           (((((((((((((((((
                             # of credits profit

SUBJECT TO

GRAIN + TEXT + MINER + LIQ <     10

 (((((((((((((          (((
               # of tons bought                     # of tons capacity

4GRAIN + 8TEXT + 20MINER + 24 LIQ <     160

(((((((((((((((((     (((
                     # of credits spent                            # of credits available

                 GRAIN                        <         22

(((((((((((((          (((
             # of tons grain bought                # of tons of grain available

                 TEXT                           <       13

(((((((((((((          (((
             # of tons of text bought               # tons of text available

                    MINER                       <       8

(((((((((((((          (((
# of tons minerals bought                             # tons minerals available 

                           LIQ                    <        5

(((((((((((((          (((
# of tons of liquor bought <                   # tons of liquor available 

GRAIN, TEXT, MINER, LIQ > 0

Compare this presentation to the one given on the next page.

P 2.1


Note that all the constraints are really limited resource constraints.

Maximize # of credits profit

subject to

# of tons bought < # of tons capacity

# of credits spent < # of credits available

# of tons grain bought < # of tons of grain available

# of tons of text bought < # tons of text available

# of tons minerals bought < # tons minerals available 

# of tons of liquor bought < # tons of liquor available 


GRAIN = # of tons of grain bought

TEXT  = # of tons of textiles bought

MINER = # of tons of minerals bought

     
LIQ   = # of tons of liquor bought

MAX  4 GRAIN + 2 TEXT + 8 MINER + 10 LIQ

SUBJECT TO

GRAIN + TEXT + MINER + LIQ <   10

4GRAIN + 8TEXT + 20MINER + 24 LIQ < 160

GRAIN <   22

TEXT <   13

MINER <   8

LIQ <   5

GRAIN, TEXT, MINER, LIQ > 0

P 2.2  

Note that each candy can be bought with only one possible combination of coin.  A 35 cent item, for example, can be bought only with a quarter and a dime.

Minimize # of cents spent on food

subject to

# of quarters spent <  # of quarters available

# of dimes use < # of dimes available

# of snacks bought = # of snacks required

# of each snack bought < # of that snack available

Note that this last statement is really 5 constraints, one for each snack


L = # Lifesavers bought

G = # of Gummi Bears bought

C= # of cookies bought

M = # of Milky Ways bought

P= # of peanuts bought

MIN 30 L + 35 G + 40 C + 45 M + 55 P

subject to

G + M + P  < 4

3L + G + 4C + 2M + 3P < 10

L + G + C + M + P = 5

L < 2, G < 2, C < 2, M < 2, P < 2

All variables > 0

P 2.3


Note that the first constraint here is essentially a quota constraint, but we are required to copy exactly 3000 pages, hence the equality.

Minimize # of seconds spent copying

subject to

# of pages copied = # of pages required

# of cents spent on copying < # of cents available

# of seconds that machine 3 is used < 

# seconds of machine 3 time available



M1 = # of pages copied on home copier

M2 = # of pages copied on professional copier

M3 = # of pages copied on high speed copier

MINIMIZE 10 M1 + 5 M2 + M3 

subject to

M1 + M2 + M3 = 3000

2 M2 + 5 M3 < 9000

M3 < 1800

M1, M2, M3 > 0

P 2.4  It is tempting to write FAMILY = DAD + MOM + 2 KIDS, but this is dead wrong.  It is an example of what we call a recipe error.  To see why this “obvious answer” doesn’t work, remember that FAMILY, MOM, DAD, and KIDS are variables that stand for numbers.  (This is why that measurable quantity definition of variables is so important.)  For example, if the Quayle Group had two families in it, then it must work out that FAMILY = 2, MOM = 2, DAD = 2, and KIDS = 4, right?  Plug these numbers in the constraint above!

FAMILY = DAD + MOM + 2 KIDS   (   1 = 1 + 1 + 2(2)
    (   1 = 6!!!

Clearly, this is garbage.  2 KIDS does not mean “two kids”.  It means “two times the number of kids”!

If you look in terms of measurable quantities, it’s easy to see how ridiculous the constraint above is:  since the left side of the constraint is measured in # of families, the right side must be as well.  Then the translation rule tells us what the numbers on the right side mean.  They say (if no other variables are changed):

Each father, by himself, increases the number of families by 1.

Each mother, by herself, increases the number of families by 1.

Each kid, by him or herself, increases the number of families by 2.

All three of these are dead wrong, but the last is particularly absurd.  

Be on the watch for recipe errors.  Here’s how.

A linear program will never have a constraint which says:  One of these things consists (or gives you, or uses up) so many of this thing and so many of that thing and so many of that other thing.

Generally, instead, there’ll be a thing about the this thing and another about the that thing and a third about that other thing, and so on.  When you are trying to come up with a measurable quantity representation of a constraint, never let yourself use the word “amount”.  It sounds quantitative, but it isn’t.  Always use “# of…”.  I think you’ll see that there is no way to represent our garbage constraint FAMILY = DAD + MOM + 2 KIDS in terms of measurable quantities.

So what is right here?  Well, note that as soon as you know how many families you’ve got, you know everything, right?  So there is really only one decision variable here, and the others are auxiliaries.  We need three constraints to define them.

MOM = FAMILY

DAD = FAMILY

KIDS = 2 FAMILY

Does that 2 FAMILY bother you?  Remember, it means you get two (kids) for each family!

Get in the habit of plugging in numbers to check your formulation results.  We call this validating the solution, and it can help you identify a ton of absurd answers!

P 2.5
This is a good problem for getting comfortable with the translation rule and constant terms.  Without the translation rule p 2-8), you’re almost guaranteed to get it wrong.  

Maximize # of points obtained on both exams combined

subject to

# of hours spent studying < # of hours available for study

# of hours spent studying Math < 

# of hours Math study allowed

# of points obtained on Math test > 

# of points required on Math test

# of points obtained on Quant test > 

# of points required on Quant test




Q = # of hours spent studying Quant

M = # of hours spent studying Math

MAX 7 M + 6 Q + 105 

subject to

M + Q < 10

M < 7

5M + 65 > 80

6Q + 2M + 40 > 80

M, Q > 0

It’s very unlikely you got the last nontrivial constraint correct unless you used measurable quantities.  The 2 M says “each additional hour spent studying math gives you 2 quant points”.

P 2.6
This is a slight modification on a standard transportation problem.  

Maximize profit in cents

subject to

# of apples shipped from orchard 1 < 

                              # of apples available at orchard 1

# of apples shipped from orchard 2 < 

                              # of apples available at orchard 2

# of apples shipped from orchard 3 < 

                              # of apples available at orchard 3

# of apples received by store 1 = 

                              # of apples demanded by store 1

# of apples received by store 2 = 

                              # of apples demanded by store 2

# of apples received by store 2 from orchard 1 < 

               # of apples store 2 will accept from one orchard

# of apples received by store 2 from orchard 2 < 

               # of apples store 2 will accept from one orchard

# of apples received by store 2 from orchard 3 < 

               # of apples store 2 will accept from one orchard

There’s nothing that forces you to use any particular variable names, but in a transportation problem, it’s common and useful to use double 
Aij = # apples shipped from orchard i to store j.

            (i = 1, 2, or 3; j = 1 or 2)

Maximize 4A11 + 5 A12 + 7 A21 + 6 A22 + 8 A31 + 11 A32           subject to

A11 + A12 < 1000

A21 + A22 < 1000

A31 + A32 < 1200

A11 + A21 + A31 = 800

A12 + A22 + A32 = 1900

A12 < 700

A22 < 700

A32 < 700

All variables > 0

subscripted variables.  The first subscript tells you where things are coming from and the second subscript tells you where things are going to.

P 2.7


This problem is a lot like the last one, except that it includes transshipment points.  Expect conservation constraints (total in = total out) at such points.

Minimize # of dollars of shipping cost

subject to

# units shipped out of A = # of units which must leave A

# of units shipped into B = # of units shipped out of B

# of units shipped into C = # of units shipped out of C

# of units shipped on link AB < # of units AB can carry

# of units shipped on link AC < # of units AC can carry

# of units shipped on link BC < # of units BC can carry

# of units shipped on link BD < # of units BD can carry

# of units shipped on link CD < # of units CD can carry
One could include, as well that the number of units reaching D is the number of units required, but this follows from the others.  (If we ship the right amount out of A and we don’t let it stop at B or C, it’s got to go to D.)


AB = # of tons carried from Albany to Bellevue

AC = # of tons carried from Albany to Chester

BC = # of tons carried from Bellevue to Chester

BD = # of tons carried from Bellevue to Deerfield

CD = # of tons carried from Chester to Deerfield

MINIMIZE 300 AB + 600 AC + 200 BC + 500 BD + 400 CD subject to

AB + AC = 10 

AB = BC + BD  

AC + BC = CD  

AB < 7

AC < 5

BC < 4

BD < 4

CD < 7

All variables > 0.

P 2.8
This is a lot like our Advisor-Bulletin problem.  Note that it was useful to view profit as revenue – cost.  When a problem states revenues and costs, this is often the easiest approach.

Maximize # of $ profit

subject to

# of hours of time used < # of hours of time available

# of barrels of ink used < # of barrels of ink available

# of rolls of paper used < # of rolls of paper available

# of $ spent on materials < # of $ in the budget
Why would 1300R + 680S be wrong for the objective function?

R = # of units of Record sold

S = # of units of Star sold

I = # of barrels of ink bought

P = # of rolls of paper bought

MAXIMIZE 3000 R + 4000 S - 800 I - 20 P 

subject to

2 R + 4 S < 40

3 R + 2 S < 15 + I 

5 R + 6 S < 50 + P            

800 I + 20 P < 3340

R,S,I,P > 0 

P 2.9    Nothing new here; four limited resource constraints and a quota constraint.  It’s easy to view much of this problem as a transportation model, “shipping” rolls to machines.

Maximize # of $ profit made

subject to

# of color rolls processed < # of color rolls available

# of B/W rolls processed < # of B/W rolls available

# of minutes used on machine 1 < 

# of minutes available on machine 1

# of minutes used on machine 2 < 

# of minutes available on machine 2

# of rolls processed > # of rolls we are required to process


Ci = # of color prints made on Machine i   

(i = 1,2)

Bi = # of B/W prints made on Machine i 

(i = 1,2)

MAX     4 C1 + 4.8 C2 + 1.6 B1 + 1.8 B2  

subject to

       C1 + C2 <   500

       B1 + B2 <   100

       10 C1 + 6 B1 <   480

       10 C2 + 5 B2 <   480

       C1 + C2 + B1 + B2 >   130

       C1, C2, B1, B2 > 0

P 2.10
This one is a bit different, isn’t it?  Think about it before you dive in.  We’re trying to figure out the most radiation that George could be exposed to.  That means that we’re going to assign feasible radiation levels to each site, and choose them so that George’s exposure is as large as possible.  What makes an assignment of radiation levels feasible?  Well, we know for each of the other people whether their exposure was low or high, so we know whether each of them received < 2000 rads or > 2001 rads.  Let’s do it.

Maximize # of rads of radiation George receives
subject to

# of rads Alma receives < #of rads for “low” dosage (limit)
# of rads Eve receives < #of rads for “low” dosage (limit)

# of rads Fred receives < #of rads for “low” dosage (limit)

# of rads Burt receives > # of rads for “high” dosage (limit)

# of rads Charlie receives > # of rads for “high” dosage (limit)

# of rads Dave receives > # of rads for “high” dosage (limit)

   
(By the way, if you work it out, it turns out that George got at most 1400 rads or so…he’s fine.)

Si = # of rads of exposure received in one year at

               site i (i = 1 to 5) 

MAXIMIZE S1 + S2 + S3

subject to

2 S1 + 3 S2 < 2000

4 S3 + 3 S5 < 2000

3 S2 + 6 S4 < 2000

1 S1 + 4 S2 + 6 S4 > 2001

S1 + S2 + S3 + S4 + 2 S5 > 2001

7 S3 + S5 > 2001

all variables > 0

P 2.11   A common “crash and burn” problem for students, but not if you’ve internalized the ideas of measurable quantities, limited resource constraints, and the translation rule.

If you aren’t using the measurable quantity approach to this stuff, you’re likely to write something like CHEVRON = C + H + E + V + R + O + N.  This is a recipe error (see solution to problem P 2.4), and makes no sense at all.

Maximize # of $ obtained by cashing in pieces

subject to

# of Cs used < # of Cs available

# of Hs used < # of Hs available

# of Es used < # of Es available

# of Vs used < # of Vs available

# of Rs used < # of Rs available

# of Os used < # of Os available

# of Ns used < # of Ns available

# of trades of Cs for Es < # of trades permitted

CN = # of times we spell Chevron
CE = # of times we spell  Convene
RE = # of times we spell  Revere
CR = # of times we spell  Cheer
HR = # of times we spell  Hover
HO = # of times we spell  Hero
T = # of Es we trade for Cs
We could have a different variable for number of Cs received, but it would have been an auxiliary, and equal to T.

Maximize 10 CN + 8 CE + 6 RE + 4 CR + 

2.5  HR + HO subject to

CN + CE + CR <  6  + T

CN + CR + HR + HO < 8

CN + 2 CE + 3 RE + 2 CR + HR + HO < 15 - T

CN + CE + RE + HR < 9

CN + 2 RE + CR + HR + HO < 10 

CN + CE + HR + HO < 11 

CN + 2 CE < 5

T< 6

all variables > 0 

P 2.12  This is a production and inventory problem, and auxiliaries are often useful for them.  It can also be useful to draw a “timeline”, to clarify your thoughts on what happens when.  It turns this kind of problem into a couple of network problems.  Let’s see how.  First, I’ll draw a diagram showing the flow of money in this problem.  For the sake of clarity, I’ve placed the arrows for the two kinds of animals close together for purchase, care, and sales.  I’ve shown the “care” cash outlays being made at the beginning of the year, which is artificial.  On the other hand, you have to have enough money on hand at the beginning of the year to cover the cost of care throughout the year—that’s what the problem says.  The horizontal arrows show how much money I carry over from the end of year 1 and year 2, and my final profit.  Once I have this picture, the money part of the problem is really just a network problem:  a constraint for each node and a variable for each arrow.  
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Now let’s do a similar thing for the animals themselves.  I’ll show the diagram for one type of animal, but the same diagram applies to cows and hogs.   Note that some animals raised during the first year may be kept into the second.  I called these animals, rather coldly, “inventory”.
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Again, we’ll have the same translation of this diagram into constraints as we usually do for a network problem:  a variable for each edge and a conservation constraint for each node.  I’m going to set up the problem in terms of these three network diagrams, and then we’ll look at some options that we had in the formulation.

	BUYHOGi =  # of $ spent buying hogs in year i  

(i = 1, 2)
	NEWHOGi = # of hogs bought at beginning of year i (i = 1, 2)

	BUYCOWi = # of $ spent buying cows in year i  

(i = 1, 2)
	NEWCOWi = # of cows bought at beginning of year i (i = 1, 2)

	CAREHOGi =  # of $ spent caring for hogs in year i    (i = 1, 2)
	SOLDHOGi = # of hogs sold at end of year i 

(i = 1, 2)

	CARECOWi = # of $ spent caring for cows in year i    (i = 1, 2)
	SOLDCOWi = # of cows sold at end of year i 

(i = 1, 2)

	SELLHOGi =  # of $ made selling hogs at end of year i    (i = 1, 2)  
	INVHOG = # of hogs left unsold at end of year 1

	SELLCOWi =  # of $ made selling cows at end of year i    (i = 1, 2)
	INVCOW = # of cows left unsold at end of year 1

	CASHi = # of dollars of cash available after paying year i expenses (i = 1, 2, or 3)
	Note that CASH3 is just your profit.

	
	

	Maximize # of dollars of profit
	Maximize CASH3

	subject to
	subject to

	total # of dollars into year 1 node = 

total # of dollars out of year 1 node
	5000 = BUYHOG1 + BUYCOW1 + CAREHOG1 +

  CARCOW1 + CASH1

	total # of dollars into year 2 node = 

total # of dollars out of year 2 node
	CASH1 + SELLHOG1 + SELLCOW1 + 5000 = 

   BUYHOG2 + BUYCOW2 + CAREHOG2 + 

   CARECOW2 + CASH2

	total # of dollars into year 3 node = 

total # of dollars out of year 3 node
	CASH2 + SELLHOG2 + SELLCOW2 = 

   CASH3 + 10000


That’s it for the money diagram.  Let’s continue with the constraints for the animal diagrams.

	total # of hogs into first node = 

total # of hogs out of first node
	NEWHOG1 = SOLDHOG1 + INVHOG

	total # of hogs into second node = 

total # of hogs out of second node
	INVHOG + NEWHOG2 = SOLDHOG2

	total # of cows into first node = 

total # of cows out of first node
	NEWCOW1 = SOLDCOW1 + INVCOW

	total # of cows into second node = 

total # of cows out of second node
	INVCOW + NEWCOW2 = SOLDCOW2


Are we done?  Not quite.  We need to tie these diagrams together.  Clearly, all of the money variables are completely determined by the values of the animal variables.  This means that all of the money variables are auxiliaries.  We need to define these variables.  Let’s do so now.

	define BUYHOG1
	BUYHOG1 = 15 NEWHOG1

	define BUYHOG2
	BUYHOG2 = 15 NEWHOG2

	define BUYCOW1
	BUYCOW1 = 80 NEWHOG1

	define BUYCOW2
	BUYCOW2 = 80 NEWHOG2

	define CAREHOG1
	CAREHOG1 = 20 BUYHOG1

	define CAREHOG2
	CAREHOG2 = 20 BUYHOG2 + 100 INVHOG

	define CARECOW1
	CARECOW1 = 160 BUYCOW1

	define CARECOW2
	CARECOW2 = 160 BUYCOW2 + 200 INVHOG

	define SELLHOG1
	SELLHOG1 = 50 SOLDHOG1

	define SELLHOG2
	SELLHOG2 = 50 BUYHOG2 + 250 INVHOG

	define SELLCOW1
	SELLCOW1 = 400 SOLDCOW1

	define SELLCOW2
	SELLCOW2 = 400 BUYCOW2 + 780 INVCOW


And, of course, all of these variables are nonnegative.

Wow!  I hope that all made sense, step-by-step.  The result is a pretty impressive program—one big enough that we should make sure that we haven’t messed anything up.  Let’s start by seeing if we have enough equality constraints.  If you think for a minute, you’ll see that in this problem, the only things that you really need to specify are:  how many of each type of animal that you buy each year and how many of each type of animal that you sell after the first year.  That’s six variables, and if you know these, you know everything.  

My program has 25 variables, which means that 19 of my variables are auxiliary!  That means that I should have 19 equality constraints in my program.  Well, my program has exactly 19 nontrivial constraints, and every one of them is an equality.  That’s just as it should be.  

But how about the inequality requirements in the program?  We can’t spend more money than we have, for example.  Covered.  CASH1 and CASH2 represent our money left unspent, and they must be nonnegative.  How about the fact that we can’t sell more animals than we have?  Covered, too.  INVHOG can’t be negative, for example, so we can’t sell more hogs in year 1 than we have.  You can check it out and satisfy yourself that the equality constraints in the program, coupled with the nonnegativity constraints, cover all the program requirements.

This program is a good example of several topics:  how problems can be analyzed in terms of networks, how networks are represented in linear programs, and how auxiliary variables can simplify the conceptual structure of an LP.  You could write this whole program with only six variables, but I wouldn’t want to try to interpret it!

P 2.13  In many ways, this is like the LEGGO problem.  A damaged GSU is turned into components and these components are assembled into new products.  If you’re having trouble on this problem, go back and reread the LEGGO analysis before reading the rest of my solution here.

	
	GSUBUY = # of damage GSUs bought

	
	RODBUY = # of control rods bought

	
	GSUMADE = # of new GSUs made

	
	AUTOMADE = # of autocontrols made

	
	

	Maximize # of $ of profit
	Maximize 105 GSUMADE + 60 AUUTOMADE 

                                           – 70 GSUBUY – 12 RODBUY

	subject to
	subject to

	# of $ spent < # of $ available
	70 GSUBUY + 12 RODBUY < 70000

	# of chassis used < # of chassis available
	GSUMADE + AUTOMADE < GSUBUY

	# of gyros used < # of gyros available
	3 GSUMADE + 2 AUTOMADE < GSUBUY

	# of rods used < # of rods available
	5 GSUMADE + AUTOMADE < 3 GSUBUY + RODBUY

	
	All variables > 0


Easy, huh?  Note how we viewed profit as revenue – cost.

P 2.14  In this problem, you can save yourself some work by defining a few auxiliaries—namely, the amount of each type of fuel product which is left over.

	
	RAW = # of gallons of partially refined oil bought

	
	A = # of gallons of partially refined oil run through process A

	
	B = # of gallons of partially refined oil run through process B

	
	C = # of gallons of partially refined oil run through process C

	
	LEFTGAS = # of gallons of gas left after demand is satisfied

	
	LEFTKERO = # of gallons of kerosene left after demand is satisfied

	
	LEFTOIL = # of gallons of fuel oil  left after demand is satisfied

	
	

	Minimize # of dollars of cost
	Minimize 0.4 RAW + 0.25 A + 0.16 B + 0.15 C

	subject to
	subject to

	# of gallons of gasoline obtained = 

   # of gallons of gasoline dispersed
	0.6 A + 0.15 B + 0.5 C = 25000 + LEFTGAS

	# of gallons of kerosene obtained =

   # of gallons of kerosene dispersed
	0.26 A + 0.3 B + 0.1 C = 15000 + LEFTKERO

	# of gallons of fuel oil obtained = 

   # of gallons of fuel oil dispersed
	0.1 A + 0.4 B + 0.1 C = 20000 + LEFTOIL

	# of minutes used < 

   # of minutes available
	0.05 A + 0.1 B + 0.2 C < 7200

	# of gallons of partially refined oil used <  

   # of gallons of partially refined oil available
	A + B + C < RAW

	# of gallons of leftovers < 

   # of gallons of storage capacity
	LEFTGAS + LEFTKERO + LEFTOIL < 10000

	
	All variables > 0


Note that I assumed that you could buy more raw oil than you use.  (It’s foolish, but permissible.)  Because of this choice, RAW is not an auxiliary.  Whether I assume that this foolish choice is allowed or not, the optimal solution will be the same.  To minimize cost, Solver will not buy more raw fuel oil than is needed.

This is not the only way to formulate this program.  You may have included a constraint saying, for example, that the gas obtained is > the gas required.  This becomes 0.6 A + 0.15 B + 0.5 C > 25000 , and is perfectly correct.  We don’t need it in the program above because our gas constraint says that the gas made equals what’s needed plus our leftover gas.  As long as the leftover gas is at least 0 (and it is, thanks to the nonnegativity constraint on LEFTGAS), we’ll satisfy demand.

P 2.15  The only twist here is the three constraints saying that no shaft may be used for longer than the life support operates.  This is also a standard trick for finding out the largest of three entries, since in the optimal solution, the life support will be supplied only so long as it is needed in the most heavily mined shaft.

	
	HOURSi = # of hours that shaft i is mined 

(i = 1, 2, or 3)

	
	AIR = # of hours that life support operates

	
	

	Minimize # of $ spent on operation
	Minimize 150 HOURS1 + 90 HOURS2 + 60 HOURS3 + 100 AIR

	subject to
	

	# of bins of ore obtained > # of bins of ore required
	30 HOURS1 + 25 HOURS2 + 20 HOURS3 = 3450

	# of hours first two shafts used < 

   # of hours first two shafts are available
	HOURS1 + HOURS2 < 80

	# of hours life support runs < 

   # of hours life support may run
	AIR < 60

	# of hours in shaft 1 < 

   # of hours of life support available
	HOURS1 < AIR

	# of hours in shaft 2 < 

   # of hours of life support available
	HOURS2 < AIR

	# of hours in shaft 3 < 

   # of hours of life support available 
	HOURS3 < AIR

	
	All variables > 0
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