Characteristics of Queuing

® Arrival process: the mean arrival rate per time unit (hour) (1) versus the mean inter-arrival time
(1/4). If 160 customers arrive for service at a bar in an eight hour day,

© What is the arrival rate A per hour?
A =160 Customers/8 hours = 20 Customers/hour
o What is the inter-arrival time % (hour)?

1 _ 1 hour
20 Customers/hour = 20 Customers

1 1
1 hour = =% hour/Customer=

0.05 hour /60 minutes 3 minutes
= 0.05 hour/Customer =( ) ( ) = =
Customer hour Customer

=3 minutes/Customer

Please note: the mean arrival rate A and the inter-arrival time 1/A should initially have the same time units,
an hour, for example.

o What is the arrival rate A per 15 minutes?

_ 20 Customers/Hour _ 5Customers
 4Fifteen minutes/Hour  Fifteen minutes

) ) . .1
o What is the inter-arrival time i?

1 1 Fifteen minutes 3 minutes/cust
= = = 3 minutes/customer
yl 5 Customers 5 Customers

Fisteen minutes

® Service process: the mean service rate per time unit (hour) (p) versus mean service time (1/p). If

the bar can serve 240 customers in an eight hour day,
o What is the service rate p per hour?
p = 240 Customers/8 hours = 30 Customers/hour

. . . 1
o What is the mean service time p (hour)?

1 _ 1 hour _ 1
30 Customers/hour ~ 30 Customers _ 30

‘11 hour = hour/Customer=

_(1/30 hour) (60 mlnutes) _ Zminutes _
“\Customer hour ~ Customer

=2 minutes/Customer
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What are Operating Characteristics of Queuing Theory?
A = mean arrival rate (mean number of arrivals per time unit)

1/h = mean inter-arrival time for arrivals

H = mean service rate (mean number of services per time unit)

1/u = mean service time per customer or job

L, = average queue length or number of units in line waiting for service
W, = average waiting time a unit spent in queue before being served
Lq =W,

v The average queue length is the arrival rate multiplies by the average time spent waiting
in the queue.

v' Jobs blocked and refused entry to the system are not counted in A.

L = average number of units in the system (Lq in queue plus being served)
W = average time a unit spent in the system (in queue plus being served)

L=\W

v' The average queue length plus the one being served is the arrival rate multiplies by the
average time spent waiting in the queue plus the time being served.

v' Jobs blocked and refused entry to the system are not counted in A.

s = number of parallel or equivalent servers in the system

p (Rho) or U = server utilization factor = the proportion of time the server is busy
Py, = Probability of an arriving unit to wait in the queue before being served

Py = Probability of no unit in the system (empty) (neither in queue nor being served)

P, = Probability of having n units in the system (in queue plus being served)
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Queuing (Waiting Line) Theory and Applications

Queuing Problems (Class hand out)

Suppose that customers arrive about every 3 minutes on average to JMU Bookstore according to a Poisson process.
There is one counter open for service, with two employees working. One employee fixes a customer’s order and

another employee takes their money. It take an average of two minutes (exponentially distributed) to complete each
customer order.

a. Whatis the average arrival rate to the window at JMU Bookstore?

AN = Qe pe/u[,\x

b. What is the probability distribution of the number of arrivals to JMU Bookstore?

?(
P(X=w)= D2 K=o

L1y Qe

Lx-o)—%e =

¢.  What are the chances that no customers arrive in a 15-minutes period? F / o f

A= 52224, PX=olr=5) TClL.g

E=2 '7/3723 =poissonNl L, 5, FvJﬂ«)

d. What is the probability of 3 customers arriving to the window in a 15- 15-minutes period? l léqc
A=S A 5wmius c e_y 2§
pCX:3\9\z§): 3T — ¢ T =39y

> (4 o4
[oT7 (A3 (4 (--—
e. What iéé probability of more than 2 customers arriving to the window in a 15-minute period?
PIX73)=0(X72) =1 'FCX4 2) = [-{P(x= )+ (X=0)+P(x=3) }
p()("g)“‘-s— 6/01 =2 ’=p. o067 ——l-—fo 006]+9 ©0324 +D. oggt-gj
pxX =)= 56/{1 = e ~¥=0.00227 Zl-0.]24)=06.8753

Q=25 =0.084¢43
f. €Vhat ist ﬁe average service rate fo{prepaneng customersorders? -—’I*- pOI 530”/(,3 5' TR w» 5)

//———-—~-—30(4@~/1’u

g What is the probability density function and cumulative distribution function for service times?

(T <t) = 9&9&

=|-p //




h.  What percentage of the orders will be prepared in exactly 2 minutes?

P(T=86)=¢ _[xpadoly(gozg o, TRYE)
i.  What percentage of customer orders will take Jess than twé‘r"nmutes to prepare?
P(T=<2)= W =PLT < 3 i s) = PCT =Z5he)
— |—e & %= e =432 17@@).

J- What are the chances it will take more than 3 minutes to prepare a customer’s order?

= |- f*)(FONUIST%o 50
PCTZ,wam)f"’PC’RBWﬂ) -506
==+ e A0 = -p(Te 3 he)=(-(-¢ 7 O)=¢’

k. What are the chances it will take between 2 and 3 minutes to prepare a customer’s order? —0.223% |
(9((;%“<—( 2 3 n)=PT 23 min) fp(-r<,;2mm),_(, -o” 6°)~(l—- «30—/3
"’6;0/ €~;°/°"e ~eh g =0.3679-0.223]| =0.14¢y
:Expwm}fc% o, 30, TRYE) —vE'Xf‘O/VU/ JTCJ/KOJ 30, TEel)

=0.7769—0.632)=0.(4¢2

l. - What percentage of the time are the employees busy at the window? M/M/I "

o
O=u =20 :%5 =.667
m. What is the average number of customers waiting to order?

28 _2o°
4 i BaGe a3 =123

n. What is the average number of customers at JMU Bookstore?

AN L 22 -3
L= L‘Z ’x“"‘,u—yx"‘,;o-.lo ! 2

0. What is the average amount oftlme spent in line by customers at JMU Bookstore?

+/
?, A@%A,i }__,_4_ L=

o - LS"
p. What is the probability that a customer will have to wait in line to get served at JMU Bookstore? ,__ (~ A)
Po=p=u ~7/’—} =p(nz1)=(-Pn=0)=|-f, =
[o llé]iﬁl e <’::,— = go:' A
3o 3

P, = | 2
> g. How long, on average, does it take a customer to get served at JM Bookstore 0 B

- ,_____\ A — = n
._../,(,.% L T 30-20 7o v & ming

r.  What is the probability there are two customers at JMU Bookstore?

P =0 (A =) B = (D ET =GN =492

— _‘20‘23—-—&—2:—-——-:""
P°=‘~%~ Jo 30 3¢ Fo 3

:4 Mih 5




s.  What is the probability there are more than two customers waiting to order?

1’772'44?%9-0-4- >n= 3m7m+lb-ui75€f‘t/ or hz 4

120 SysHm
PUNZ4) = (=PUN <D =(=(Po +P, +Ps+P3) 7
) b 1-‘0 Jgfz.+3| 2+ .098¥%)

t. Suppose that business increases by 25% at the start ; a semzster Can one counter handle the increased =

volume? Support your answer. How are customers’ average waiting times affected? » (— .02 %
A B : o ‘ D | E : = B : H | o
EL M/M/s = .|
2 Arrival rate 25 Assumes Poisson process for
i 3 Service rate 30 arrivals and services.
4 Number of servers 1
5
- U
5 | Utilization 83.33% Hole : For M/"‘/ que
7 P{0)}, probability that the system is empty 0.1667
8 Lqg, expected queue length 4.1667 /. A= IO
9 L, expected number in system §.0000 120 w
10 Wq, expected time in queue 01667 10
11 W, expected total time in system 0.2000 12 . Po )N P W ole
12 Probability that a customer waits 0.8333
5 Pﬂbz v amf/eme/rr/'ary
14 . 15 6 |
15 Foi [ /0 + P —
16 2% e N ° T IO
B A T 3 8 8 12 15 1B 21 24 27 30 33 36 30 42 48 48 57 B0 €3 & 69 72 75 78 81 B4 &
NU!\&BER IN ?YS‘T

Asf\/f‘l/‘\famiopﬁﬁlw ﬁl&ferﬁw u,._,—»:;.lsygo,.{/g,_o 83§j/:\1/ Lt
Ly =4.1667 L =5 d 4
Wg =0.-1667 h =/0 prnys . [,(/::..0.0’) /1,\ ::./a’z PInS. '

t

udy the results in the data table below. Compare the changes in Utilization and W as the arrival rate

increases?
B i < : ! o | E
Queue 30 Service Rate u (# per houwr}

2 Arrival rate A (# per hour Utilization W (rmins.) Wihour} L=AwW
3 20 66.67% 6 0.10 2
4 21 70.00% 6.7 0.11 2.33
5 22 73.33% 7.5 0.13 2.75

& 23 76.67% 8.6 0.14 3.29

7 248 80.00% 10 .17 L
bbbbb 8 25 83.33% 12 a.20 s
B 26 86.67% i5 0.25 &.5
10 27 90.00% 20 0.33 E
28 93.33% 30 0.50 14

12 29 96.67% &0 1.00 23
33 30 100.00% H#DIV/O! "woav/or T worv/or
a5 - =A3/$BS1 =1/({SBS1-A3)*60

¥20
2. Suppose that the management of JMU Bookstore estimates the average waiting cost for/AJstomer to be $&-80 f .60
per minute. The cost of operating a window, including employee wages, is approximately 20 per hour. What is the

average total cost per hour at JMU Bookstore during none peak time when one window is open for service (assuming
A =25 per hour)?

Eployes gty = P2~/ ;36
pemolle) Covrtr =4 box bown=22/

L=s M Cbﬂ"—-C’mf"g&Q/K“?/dp P“‘“‘a@iﬁ'}‘%o
’“}% )r'?%’ﬂ?# )=



orrigel

3. Suppose that the Bookstore opens a second (identical) window, with average se rate A = 25 per hour.
a.  What is the approximate queuing model for IMU Bookstore and what assumptions are necessary to use this
model?

Al B C ' D E F < bbedbienid,
] M/M/s
2 Arrival rate 25 Assumes Poisson process for
3 ‘ Service rate 30 arrivals and sernices.
4 Number of servers 2
5
G Utilization 41.87% p" fz
7 P({0), probability that the systern is empty 04118 ?
= Lq, expected gqueue length 0.1751 '
9 L, expected number in system 1.0084 Fo Z\ Pvg are /\,"
,,,,,, 10 Wq, expected time in queue 0.0070 .
11 W, expected total time in system 0.0403
1z Probability that a customer waits 0.2451 Co ""JJ ILMW'V 1€
18 &5 -
14 =04
15 Eﬁ:iil po-tﬂx 79 I
16 Eag A e o I I FU A0 ST W 5 0 T S B S WA S0 B WA S SO0 O W S T A 0 10 W R W AW A AP A A A
1? c 3 6 9 112 15 18 21 24 27 3¢ 33 36 3G #2&5&8 51 54 57 B0 €3 66 69 72 75 78 81 B4
18 NUMBERIN SYSTEM

(Q.xlsx)
m/m/[s Quewe Wit A3sumpytions .
poissen arcial, € nentrad Servi, Sisle gueue Dity s Servers
Cuf‘)"OMQ/f'ﬁ o 1o %e,ﬁ/,f: 1T optm tbtndouo CF{ F<o
U= / (_41 " 5’0‘60\047 stale

b. On average, what percentage of the time are the employees busy at each window?

X 9\ 25 —
U= 280 =50 =323 = qa = 04167 <l

c. What is the value of P, for this queuing system?
S=23 _
:-’,%Ai ::.;9;63 0)=25 :2-% =0 .48
°TAMAA a(Bo)+as
M P(nzt) = =P, =[-418=

d. What is the average number of customers waiting to be served? =.58F2

Z?::.l’]f/

e. What is the average number of customers in Bookstore?
L=/.00F¢
f. What is the average amount of time spent in line by customers at Bookstore?

(A)7 ’:.007 Lot =0.4do2 wmiia

g What is the probability that a customer will have to wait in line to be served at Bookstore?

e a5 N AS o
fpoend o e @- 4
a= Lo m)"?"*”g szuxﬁo—ﬂ)} I oa IS




€)n o Serwed S?&f#ﬁae) hova (o!’ij on arer%&,-fnn o customer
\ ) . 6 M-‘/i e
4o %\Ax%\r\w S W/w‘i :0040’3_.907 =00333 hp=
h.  How long, on average, does it take a customer to be served at Bookstore?

L [0oc8¢%
W:;'j\' =T g& T9-0¢°3 hr:_::g.qc;ml’n;“

i.  What is the probability there are two customers at Bookstore?
A a 2
() @5/3-)
pa——zélll—‘oo” ST 0.4118=0. (43 forn &3

j-  Whatis the probabiliiy there are more than two'customers waiting to be served?
n=2 in guewe , Vl?/;l:o 7 Heue Ples A se o <e

P LN ) ’:-PC(L7/$')2(~FChi4)=-l~(Po+ﬁ ta + s L)

= '[*Co.4u76 t 0. 34312 +0.(¢29) +0.0596 7 +. 03 4 ¥2)
P " g)‘a = ol

?
4. What is the total cost per hbur for IMU Bookstore to operate two wi}dows? Is it more or less expensive than one?
§doxz +$3éx@=/.oof<}]”—=’?£:30 assame F3o(
: $. 40
4430 E%n

5. Refer to the queuing model results provided by Q.xlsx for three windows. Is it cost effective for IMU Bookstore to
open a third window?

oy B o D E E

M/M/s
Arrival rate 25 Assumes Poisson process for
Service rate 30 amivals and services.
Number of servers 3
Utilization 27.78%
P(0), probability that the system is empty 0.4321
Lq, expected queue length 0.0222
L, expected number in system 0.8555
Wq, expected time in queue 0.0009
W, expected total time in system 0.0342
; Probability that a customer waits 0.0577
g 5
202
B>
E 0.1
o e
O369121.51821242730333638424548515457’606‘3666972757831842
NUABER IN SYSTEM

1 30 % (5=3) T30 4(L= . psve) =32 0. 80

6. Suppose that on a particular first day of a semester at IMU, businesses at Bookstore actually increases so that

customers are arriving about every 1.2 minutes, on average. There are two windows open for service, and it still
takes an average of 2 minutes (exponential distributed) to serve each customer.

a. Whatis a customer’s average waiting time and the total cost per hour if there is oneline and customers go to the
first open window?



M/M/s
Arrival rate 50 Assumes Poisson process for
Service rate 30 arrivals and senices.
Mumber of servers 2
Utikzation 83.33%
P(0), probability that the system is empty 0.0909
Lg, expected queue length 3.7879
L, expected number in system 5.4545
Wq, expected time in queue 0.0758
W, expected total time in system 0.1091
Probability that a customer waits 0.7676
©.2
15
= 0.1
3%
5 . T N
G 3 & 9 12 15 1B 21 24 27 30 I3 I6 39 42 45 46 _51 54 57 650 63 66 69 72 75 78 81 €4
MUMBER N SYSTEM

Wy = -0758§ hrs
=22 hres = 6. Mrng
$30x 2 + 436 (1= 4545) =F2 5620

b. What is a customer’s average waiting time and the total cost per hour if there is a separate line for each window,
and we assume that approximately half of the customers join each line?

! o . = E i F { e H
Arrival rate 25 Assumes Poisson process for
Service rate 30 arrivals and sernvices.
MNumber of servers 4
Utilization 83.33%
P(0), probability that the system is empty 0.1667
Lq, expected queue length %4 1667
L, expected number in system 5.0000 120
Waq, expected time in queue 0.1667 10
W, expected total time in system 0.2000
Probability that a customer waits 0.8333

02

2B.15

=01

5o

a o A P TG PEPRPIN N W I I R W A U T A A S S AP A AP

03G’9\12151821242730333839424548515457606366&972757381B-Qi

ol WN’/ | Puenes
\/\)cl*=-/667 \/\();@.akhf—“/&m"n)

t30 +336 4L =5) =p a0
—- f, _{
/Qh{ Coxt ™= 2210 =420

Suppose that customers arrive to JMU Bookstore according to a Poisson distribution at an average rate of 25 per hour
with one window open for service. Two pairs of employees rotate shifts at the window, and both pairs can fill
customer orders in an average of two minutes. However, James and Sarah frequently chat with customers so that their
customer service times are more variable than Ryan’s and Heather’s: the standard deviation of service times for James
and Sarah is 2 minutes, while it’s only 1 minute for Ryan and Heather.
a. What is the approximate queuing mode] for JIMU Bookstore and what assumptions are necessary to use this model?

6



b. Compare the operating characteristics of the window at Bookstore when each pair of employees is working.
%-m;;g s .

mEAA B s..C ot B L E S S D
1 M/G1 Ryan and Heather average
2 service RATE
3 Arrivalrate 25 30
4 Average service TIME 0.03333
Standard dev. of service time 0.01667

Utilization 83.33%
P{0), probability that the system is empty 0.1667
Lg, expected queue length 2.6042
L, expected number in system 3.4375
Waq, expected time in gqueue 0.1042 625
W, expected total time in system 01376 825
Al B C D E F
MIGH James and Sarah
service RATE
Arrival rate 25 30
4 Average service TIME 0.03333
& Standard dev. of service time $4.03333
€]
1
g9 Utilization 83.33%
10 P(0), probability that the system is empty 0.1667
1 Lq, expected queue length 4.1667
12 L, expected number in system §.0000
18 Wq, expected time in queue 0.1667 10
14 W, expected total time in system 0.2000 12




Suppose that customers arrive to JMU Bookstore according to a Poisson distribution at an average of 50 per hour
with two windows open and 2 minutes service times, on average. There is currently room for a maximum of four
customers to wait for being served, including those being served. Assume that customers will leave if there is no
space in the queue.

a. What is the appropriate queuing model for JIMU Bookstore and what assumptions are necessary to use this model?

b. Based on the operating characteristics shown below, what percentage of customers will be lost during a busy
time?

: B C D F ch
1 M/M/s with Finite Queue
2 Arrival rate ) 50
3 Service rate 30
4 Number of servers 2
B Maximum queue length 2
vvvvvv 5 Utilization 70.32%
7 P{0), probability that the system is empty 0.1619
ES] Lqg, expected queue length 0.49986
8 L, expected number in system 1.9061 »
o Wgq, expected time in queue 0.0118 0.71048
11 W, expected total time in system 0.0452 271048
12 Probability that a customer waits 0.5683
a3 Probability that a customer balks 0.1561
03
502
So.1 H.l
go N U W Y Y W W T O S A Y WY S T W S S S PR T VIS T N S N T A A SR I A ST I SR A A A I
836912?5182124273033363942454851545?6&353
NUMBER IN SYSTEM

¢.  How much improvement would there be if the Bookstore builds an extension so that it can accommodate up to a
total of 10 customers?

L. BN = Lo < B2 LS S < I
1 M/M/s with Finite Queue
2 Arrival rate 50
= Service rate 30
LA Number of servers 2
5. Maximum queue length 8
Utilization 80.47%
P(0), probability that the system is empty 0.1066
Lqg, expected queue length 20306
L, expected number in systermn ' 3.6398
a0 Waq, expected time in queue 0.0421 2.52342
11 W, expected total tirme in system 0.0754 4. 52342
12 Probability that a customer waits 07159
138 FProbability that a customer balks 0.0344
14 c.2
s ESS
15 3% M Maaa.
1 ? - ] 3 L] 2 %2 5 B 21 24 27 3% 33 35 % 42 45 48 5% 24 57 e 83
18 NUMBER IN SYSTEM
BNl
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Suppose that the Bookstore opens a second (identical) window, with average service rate A = 25

per hour.
2N [ P ) E
MiMM/s
Arrival rate 25
Service rate 383
MNumber of servers 2

Utilization

P (0}, probabilty that the system is empty
Lqg, expected queue length

L, expected number in system

Wqg, expected time in queue

VYW, expected total time in system
Probability that a customer waits

F

41.67%
0.4118
0.1761
1.0084
0.0070
0.0403
0.2451

Assumes Poisson process for

Ca

-

arnwvals and senasces

i 3 & % 12 18 18 21 24 27 30 33 38 3D 42 45 48 ‘T1 4 57

(Q.xlIsx)

Note: J)u=7P,
2) P and P are NOT complementary any more, i.e, P + P_ =1

B ER

M SYSTEM

N
&0 B3 5E€ £Y 72 TS YR 31 84

a. On average, what percentage of the time are the employees busy at each window?
b.  What is the value of P, for this queuing system?

-1

2;1—/1)] -

s=2
s—1 n s -1 2-1 n
P":L:O(Aiﬁ) +(AZ;) (s:ﬁ ,1)] =LZO (/12;!:) +(/1/2/!1)2( 2u
_ 1 _ 1 _
[ i) G
T (25/3(1))2 2(30) = 04118
T30t 3 (2(30)—25)
S AW _ @/’ A

n!
n=0
0

0!

b 2u—2 2(30)—25 35
T 2u+1" 230)+25 85 17
Or from Q.xlIsx

Py = probability of no customer in system
(Work out the procedure in class)

1!

A
(—) =land0!'=1
u

7
=—=20.4118

¢2. What is the chance that there is at least on customer in the system?

Pn=21)=1~P,=1-0.4118 = 0.5882



